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Stimulated by recent studies of quantum phases with broken local inversion symmetry, we
study the magnetoelectric effect in locally noncentrosymmetric metals. We consider three-
dimensional (3D) coupled zigzag chains and demonstrate that the antiferromagnetic moment
is induced by the electric current through a staggered antisymmetric spin-orbit coupling. This
current-induced magnetism is much larger than that in globally noncentrosymmetric metals.
We provide an intuitive understanding of the current-induced antiferromagnetic moment by
showing the inverse magnetoelectric effect, that is, the ferroic p-wave charge nematic order
accompanied by the asymmetric band structure in the antiferromagnetic state. We also examine
conduction electrons coupled to localized spins via Kondo exchange coupling and demonstrate
a significant enhancement of the magnetoelectric effect. A possible experimental observation of
the magnetoelectric effect in metals is discussed, with focus on LnM2Al10 compounds, such as
NdRu2Al10 and TbRu2Al10.
KEYWORDS: magnetoelectric effect, local inversion symmetry breaking, staggered Rashba spin-orbit cou-
pling, current-induced magnetism, Kondo system
1. Introduction
Recent intensive research has clarified the intriguing
roles of spin-orbit coupling in electron systems lacking
the inversion symmetry. For instance, studies of noncen-
trosymmetric superconductivity,1) chiral magnetism,2, 3)
multiferroics,4) spintronics such as the spin-Hall ef-
fect,5, 6) and topological quantum phases7–9) have added
new concepts in condensed matter physics.
Although many previous works investigated metals,
semiconductors, and insulators lacking the global in-
version symmetry, recent advances in superconductivity
have also elucidated novel quantum phases in locally non-
centrosymmetric systems,10–14) where the global inver-
sion symmetry is not broken but atoms are not on the
inversion center. Although a uniform antisymmetric spin-
orbit coupling, such as Rashba spin-orbit coupling, plays
a major role in globally noncentrosymmetric systems,
a staggered antisymmetric spin-orbit coupling entangles
the spin and orbital motions of electrons in locally non-
centrosymmetric systems. Note that the staggered an-
tisymmetric spin-orbit coupling is not smeared out by
the global inversion symmetry, since the antisymmetric
spin-orbit coupling is derived from the local properties of
electrons, namely, local parity mixing and atomic LS cou-
pling.15, 16) Indeed, its effect has been identified in recent
experiments on the superlattice CeCoIn5/YbCoIn5.
17)
Motivated by the above advances, we investigate
the magnetoelectric effect in locally noncentrosymmet-
ric metals in this study. Spin-orbit coupling gives rise to
many nonequilibrium magnetoelectric effects entangling
electron spin and orbital motions; a typical one is the
spin polarization induced by electric current,18–20) which
is closely related to the spin-Hall effect.21, 22) Although
the current-induced spin-polarization in noncentrosym-
metric systems was predicted more than three decades
ago18–20) and observed in semiconductors,23–27) exper-
imental observation has not been successful for metals
partly because the induced magnetic moment is small as
∼ 10−10µB per unit cell. We show that a rather large
antiferromagnetic moment can be induced by electric
current in locally noncentrosymmetric metals. As nat-
urally expected, this magnetoelectric effect will be en-
hanced further by Kondo exchange coupling with local-
ized spins. We estimate the order of the current-induced
antiferromagnetic moment and propose an experimen-
tal study of f -electron systems such as LnM2Al10 com-
pounds (Ln=lanthanoid ions, M=transition metal ions).
In this research, we study 3D coupled zigzag chains,
which are a typical crystal structure accompanied by
the local violation of the inversion symmetry. LnM2Al10
compounds as well as ferromagnetic heavy-fermion su-
perconductors UCoGe, URhGe, and UGe2
28) have such
crystal structure. In Sect. 2, we introduce a model of con-
duction electrons affected by a staggered antisymmetric
spin-orbit coupling. The current-induced antiferromag-
netic moment is formulated in Sect. 3.1. The ferroic p-
wave charge nematic order and asymmetric band struc-
ture induced in the antiferromagnetic state are shown in
Sect. 3.2, and enable an intuitive understanding of the
magnetoelectric effect. Numerical results are obtained for
1D zigzag chains and 3D coupled zigzag chains in Sects. 4
and 5, respectively. An enhancement of the magnetoelec-
tric effect in Kondo systems is discussed in Sect. 6. A brief
summary and several discussions are given in Sect. 7.
2. Model of 3D Coupled Zigzag Chains
First, we introduce a model describing 3D coupled
zigzag chains,
H =
∑
ks
ε(k)
[
a†
ksbks + c.c.
]
+
∑
ks
ε′(k)
[
a†
ksaks + b
†
ksbks
]
1
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Fig. 1. (Color online) Crystal structure of 3D coupled zigzag
chains. (a) Projection along the a-axis. (b) Projection along
the c-axis. Dark (blue) and light (red) circles depict the a- and
b-sublattices, respectively. The hopping integrals are shown as
t1 − t4. The long arrow in Fig. 1(a) shows the direction of elec-
tric current, Jc. Arrows in Fig. 1(b) show the current-induced
“antiferromagnetic moment”.
+α
∑
kss′
g(k)σss′
[
a†
ksaks′ − b
†
ksbks′
]
, (1)
where aks and bks are the annihilation operators of elec-
trons with spin s =↑, ↓ on the sublattices a and b,
respectively. The single electron kinetic energy terms
ε(k) and ε′(k) are described by taking into account the
nearest- and next-nearest-neighbour hoppings in a one-
dimensional (1D) zigzag chain as well as the nearest-
neighbour interchain hopping,
ε(k) = −2t1 cos
kc
2
, (2)
ε′(k) = −2t2 cos kc − 2t3 cos ka − 2t4 cos kb. (3)
The crystal structure of 3D coupled zigzag chains and
the hopping integrals t1-t4 are illustrated in Fig. 1.
We are focused on the violation of local inversion sym-
metry which induces the staggered antisymmetric spin-
orbit coupling, the last term of Eq. (1). Since we con-
sider quasi-1D systems, the g-vector is approximated as
g(k) = sin kczˆ. We choose the crystallographic a-axis
[see Fig. 1] as the quantization axis of the spin, namely,
zˆ = aˆ.
We here describe the model in matrix form using the
vector operator Cˆ†
k
=
(
a†
k↑, b
†
k↑, b
†
k↓, a
†
k↓
)
:
H =
∑
k
Cˆ†
k
Hˆ4(k)Cˆk. (4)
Note that the four components in the vector operator
are aligned so as to simplify the following description.
Because the z-component of the spin is conserved in this
model, the 4× 4 matrix Hˆ4(k) is block-diagonalized as
Hˆ4(k) =
(
Hˆ2(k) 0ˆ
0ˆ Hˆ2(k)
)
, (5)
where
Hˆ2(k) =
(
ε′(k) + α sin kc ε(k)
ε(k) ε′(k)− α sinkc
)
. (6)
Diagonalizing this matrix, we obtain the dispersion rela-
tion
E±(k) = ε
′(k)±
√
ε(k)2 + α2 sin2 kc. (7)
In order to understand the above electronic structure,
we here consider two extreme parameters. In the absence
of inter-sublattice electron hopping, namely, t1 = 0, the
dispersion relation is reduced to E±(k) = ε
′(k)±α sin kc.
This band structure reproduces that of noncentrosym-
metric metals,20) but there remains a twofold degener-
acy in our case, as guaranteed by the global inversion
symmetry and time reversal symmetry. For instance, the
electron state with the spin s =↑ on the a-sublattice
is degenerate with that having the opposite spin s =↓
on the b-sublattice. Thus, the electron spin is entangled
with the sublattice degree of freedom. On the other hand,
when the inter-sublattice hopping is much larger than
the spin-orbit coupling as t1 ≫ α, we obtain the conven-
tional band structure consisting of the bonding and anti-
bonding orbitals. In this case, the twofold degeneracy
arises from the spin degree of freedom in a conventional
way. We will see the crossover between these electronic
states in Figs. 3 and 6.
3. Magnetoelectric Effect
3.1 Current-induced antiferromagnetic moment
We here investigate the magnetoelectric effect in lo-
cally noncentrosymmetric conducting electrons. In con-
trast to the current-induced spin polarization in noncen-
trosymmetric systems,18–20) an “antiferromagnetic mo-
ment” is induced when the electric field is applied to lo-
cally noncentrosymmetric metals. Strictly speaking, the
spin is antiferromagnetically aligned in the unit cell, as
shown in Fig. 1(b). The wave number is ~q = 0 since the
translation symmetry is not broken. This magnetic struc-
ture is regarded as a linear combination of the toroidal
magnetic moment and magnetic quadrupole moment.29)
In a linear-response region, the magnetoelectric effect
is described as
MAFµ = −ΥµνEν , (8)
where MAFµ is the antiferromagnetic moment and Eν is
the electric field. The magnetoelectric coefficient Υµν is
calculated using the standard Kubo formula
Υµν = limω→0
1
iω
KMEµν (iωn)|iωn→ω+i0. (9)
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The response function is obtained as
KMEµν (iωn) =
1
2
gµB
∫ 1/T
0
dτ〈TτS
AF
µ (τ)Jν(0)〉e
iωnτ , (10)
where SAFµ and Jν are the operators of antiferromagnetic
spin and electric current, respectively. They are described
as
SAFµ =
∑
k
Cˆ†
k
σˆAFCˆk, (11)
Jν = e
∑
k
Cˆ†
k
vˆν(k)Cˆk, (12)
using the matrices
σˆAF =
(
σˆz 0ˆ
0ˆ σˆz
)
, (13)
and vˆν(k) = ∂Hˆ4(k)/∂kν .
The magnetoelectric coefficient Υzc is finite, and oth-
ers are zero in our model. Thus, the antiferromagnetic
moment along the a-axis is induced by the electric cur-
rent along the c-axis, as illustrated in Fig. 1. Another
magnetoelectric coefficient, Υxa, is allowed by symme-
try, but it disappears when we assume a 1D g-vector,
g(k) = sin kczˆ.
Using Green functions, the magnetoelectric coefficient
is described as
Υzc = −gµB|e|
∑
k
α sin kc√
ε(k)2 + α2 sin2 kc
×
[
v(+)c (k)K+(k)− v
(−)
c (k)K−(k)
]
, (14)
where v
(±)
c (k) = ∂E±(k)/∂kc, and
K±(k) =
1
π
∫ ∞
−∞
dε (−f ′(ε))
[
ImGR±(k, ε)
]2
. (15)
Taking into account the finite lifetime of quasiparticles,
τ±(k), the retarded Green function in the band basis
is described as GR±(k, ε) = (ε− E±(k) + i/2τ±(k))
−1
.
Thus, we obtain
K±(k) = τ±(k) [−f
′(E±(k))] , (16)
where f ′(ǫ) is the derivative of the Fermi distribution
function. In this study, we do not discuss the source of
quasiparticle scattering and assume the momentum- and
band-independent lifetime τ = τ±(k), for simplicity. Al-
though the spin-Hall effect significantly depends on the
scatterer,30) the magnetoelectric effect is not sensitive to
it.19) Thus, the magnetoelectric coefficient is obtained as
Υzc = −gµB|e|τ
∑
k
α sin kc√
ε(k)2 + α2 sin2 kc
×
{
v(+)c (k) [−f
′(E+(k))] − v
(−)
c (k) [−f
′(E−(k))]
}
.
(17)
We clearly see that the magnetoelectric effect vanishes
in the absence of the staggered antisymmetric spin-orbit
coupling α.
On the basis of the same assumptions as above, the
electric conductivity along the c-axis is obtained as
σc = 2e
2τ
∑
k
∑
σ=±
v(σ)c (k)
2 [−f ′(Eσ(k))] . (18)
Since the ratio Υzc/σc is independent of the phenomeno-
logical parameter τ , we describe the magnetoelectric ef-
fect with the use of the electric current Jc = σcEc as
MAFz = −
Υzc
σc
σcEc = −
gµB
2|e|D
ΓzcJc, (19)
where D is the band width and Γzc is the dimensionless
magnetoelectric coefficient (DMEC). We numerically cal-
culate the DMEC in Sects. 4 and 5.
3.2 Asymmetric electronic structure in the antiferro-
magnetic state
We here study the inverse magnetoelectric effect in lo-
cally noncentrosymmetric metals. We consider the “an-
tiferromagnetic state” where the magnetic moment is
spontaneously ordered, as in Fig. 1(b). The electronic
structure is calculated by taking the molecular field of an-
tiferromagnetic order, HMF = −h
AFSAFz , into account.
The single-particle Hamiltonian HAFM = H + HMF is
block-diagonalized as in Eq. (5), and the 2× 2 matrix is
obtained as
Hˆ2(k) =(
ε′(k) + α sin kc − h
AF ε(k)
ε(k) ε′(k)− α sin kc + h
AF
)
.
(20)
Thus, we obtain the asymmetric band structure
E±(k) = ε
′(k) ±
√
ε(k)2 + (α sinkc − hAF)2, (21)
in which E±(k) 6= E±(−k). An example of the band
structure is drawn in Fig. 2(a). We see that the antifer-
romagnetic moment polarizes the “momentum” of con-
ducting electrons through spin-orbit coupling.
(a) hAF=0.4, h=0 (b) hAF=0.4, h=0.1
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k
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-1
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3
E τ
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1
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E σ
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Fig. 2. Asymmetric band structure of zigzag chains in the “an-
tiferromagnetic state”. (a) Two asymmetric bands with twofold
degeneracy at zero magnetic field, h = 0 [Eq. (21)]. (b) Four
non-degenerate asymmetric bands in the magnetic field along
the a-axis, h = 0.1 [Eq. (22)]. We assume the antiferromagnetic
molecular field hAF = 0.4 and choose t1 = 0.1, t2 = 1, and
t3 = t4 = 0. These unconventional band structures should be
compared with the symmetric band structure for hAF = h = 0
[see Fig. 3(c)].
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This asymmetric band structure is understood by con-
sidering the induced order parameter due to spin-orbit
coupling. As the staggered spin-singlet superconductiv-
ity (pair density wave state) induces the uniform spin-
triplet superconductivity through the staggered antisym-
metric spin-orbit coupling,31) the ferroic p-wave charge
nematic order is induced in the antiferromagnetic state
of zigzag chains. A finite order parameter of the p-wave
charge nematic order, Npc =
∑
kc
〈sin kc n(kc)〉, indicates
the asymmetric electric structure. In this way, the asym-
metric band structure in Fig. 2(a) is attributed to the
p-wave charge nematic order induced by spin-orbit cou-
pling.
We also understand the asymmetric band structure
from the viewpoint of symmetry. In the locally noncen-
trosymmetric crystal structure, the collinear antiferro-
magnetic order may break the inversion symmetry (P -
symmetry) as well as the time-reversal symmetry (T -
symmetry).32) This is the case that we consider in this
subsection. These broken symmetries lead to the asym-
metric band structure, where the momentum k is not
equivalent to −k. Note that the combined PT -symmetry
protects the twofold degeneracy at each momentum. Be-
cause the Hamiltonian HAFM is invariant under the suc-
cessive operations of time reversal and spatial inversion,
by which the quantum numbers change as (k, σ) →
(−k,−σ) → (k,−σ), there remains a twofold degener-
acy in the band structure.33)
The PT -symmetry is broken by applying a magnetic
field along the a-axis. Then, the twofold degeneracy is
simply lifted as
Eστ (k) = Eτ (k) + σh, (22)
where τ = ±1, σ = ±1, and h is the Zeeman energy.
For instance, we show the four non-degenerate asym-
metric bands for h = 0.1 [Fig. 2(b)]. The ferroelectric
polarization is induced in this state; the a-sublattice and
b-sublattice of zigzag chains have nonequivalent charge
densities.
Note that the asymmetric band structure does not
yield spontaneous electric current. In Appendix, we prove
that the spontaneous electric current vanishes indepen-
dent of the structure of the crystal lattice, magnetic or-
der, and spin-orbit coupling. On the other hand, the
asymmetric band structure itself can be measured in the
experiments using de Haas-van Alphen oscillation mea-
surements or angle-resolved photo-emission spectroscopy
(ARPES). A magnetic structure similar to that studied
in this subsection has been clarified in LnM2Al10 com-
pounds, which we will discuss in Sect. 6.
The current-induced antiferromagnetic moment for-
mulated in Sect. 3.1 is an inverse effect of the asymmetric
band structure induced by the antiferromagnetic order.
The dissipative electric current deforms the Fermi sur-
face and induces the antiferromagnetic moment. This is
an intuitive understanding of the magnetoelectric effect
in locally noncentrosymmetric metals. An analogous ex-
planation has been discussed for the current-induced spin
polarization in noncentrosymmetric metals.20)
4. 1D Zigzag Chain
In the following sections, we calculate the current-
induced antiferromagnetic moment on the basis of the
formulation given in Sect. 3.1. In this section, we study
1D models where t3 = t4 = 0, and elucidate the effects
of the band structure on the DMEC, Γzc. Observations
in this section will be the basis of our understanding of
more realistic 3D coupled zigzag chains, as we will show
in Sect. 5.
4.1 Deep zigzag chain
First, we investigate deep zigzag chains, whose crystal
structure is illustrated in Fig. 3(a). In this case, we con-
sider that the inter-sublattice hopping is smaller than
the intra-sublattice one, namely, t1 ≤ t2. For t1 ≪ t2,
the band structure resembles that of noncentrosymmet-
ric systems, as shown in Fig. 3(b). With increasing t1, a
gap opens at the Γ-point (kc = 0), as demonstrated in
Figs. 3(c) and 3(d).
We find that the magnetoelectric effect does not oc-
cur in purely 1D chains without a sublattice structure.
Indeed, the magnetoelectric coefficient Υzc vanishes at
t1 = 0 even in the presence of an antisymmetric spin-
orbit coupling, because the two terms in Eq. (17) are
completely canceled out for the band-independent quasi-
particle lifetime. In other words, the magnetoelectric ef-
fect of zigzag chains is induced by the inter-sublattice
hopping t1.
(b) t1/t2=0.01 (c) t1/t2=0.1 (d) t1/t2=0.5
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0
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c
-4
-3
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0
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3
-3 -2 -1 0 1 2 3
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c
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-2
-1
0
1
2
3
E τ
(k c
)
t1
t2
(a) 
Fig. 3. (Color online) (a) Crystal structure of a deep 1D zigzag
chain. Strongly (weakly) coupled bonds are shown by solid
(dashed) lines. (b)-(d) Band structures for the inter-sublattice
hopping, t1 = 0.01, 0.1, and 0.5, respectively. We fix the intra-
sublattice hopping to t2 = 1 and assume the spin-orbit coupling
α = 0.4.
Figure 4 shows the DMEC as a function of the chemi-
cal potential. It is shown that the magnetoelectric effect
is significantly enhanced around the lower band edge.
When the inter-sublattice hopping t1 is small, a large
DMEC is realized in the narrow region of chemical po-
tential.
We understand this enhancement of the magnetoelec-
tric effect in zigzag chains by simply looking at the band
J. Phys. Soc. Jpn. Full Paper Youichi Yanase 5
-4 -2 0 2
 µ
0
5
10
 
Γ z
c
t1=0.01
t1=0.1
t1=0.3
t1=0.5
Fig. 4. (Color online) DMEC defined in Eq. (19) as a function of
the chemical potential. We show the results for t1 = 0.01, 0.1,
0.3, and 0.5 at zero temperature. The other parameters are the
same as those in Fig. 3.
structure. As illustrated in Fig. 5, the E+-band does not
cross the Fermi level when the chemical potential is in
the gap at the Γ-point, namely, µ1 < µ < µ2 where
µ1 = ε
′(0) − |ε(0)| and µ2 = ε
′(0) + |ε(0)|. In this case,
the first term of Eq. (17) vanishes and the second term
gives rise to a large DMEC exceeding unity, Γzc > 1.
On the other hand, the cancellation of the two terms
in Eq. (17) leads to a small DMEC, Γzc ≪ 1, for a
large chemical potential µ2 < µ < µ3 = ε
′(π, π). When
the chemical potential is around the upper band edge,
µ3 < µ, the contributions of four Fermi points of the E+-
band cancel each other out, giving rise to a small DMEC,
Γzc ≪ 1. These cancellations of the magnetoelectric ef-
fect are unavoidable in noncentrosymmetric systems,20)
but can be avoided in locally noncentrosymmetric zigzag
chains. This is the reason why a large magnetoelectric ef-
fect appears in the latter, as we demonstrated in Fig. 4.
-3 -2 -1 0 1 2 3
k
c
E τ
(k c
)
µ1< µ < µ2
µ2< µ < µ3
Fig. 5. (Color online) Band structure and Fermi points of 1D
zigzag chains. For µ1 < µ < µ2, the E−-band has two Fermi
points (red circles), while the E+-band does not cross the Fermi
level. For µ2 < µ < µ3, both the E+- and E−-bands have two
Fermi points.
4.2 Shallow zigzag chain
Next, we investigate the shallow 1D zigzag chains illus-
trated in Fig. 6(a). When the inter-sublattice hopping is
much larger than the intra-sublattice one [for instance,
t2/t1 = 0.1 in Fig. 6(b)], the cancellation of the two
(b) t2/t1=0.1 (c) t2/t1=0.5 (d) t2/t1=1
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-2
-1
0
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2
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c
-4
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-2
-1
0
1
2
3
t1
t2
(a) 
Fig. 6. (Color online) (a) Crystal structure of a shallow 1D zigzag
chain. (b)-(d) Band structures for the intra-sublattice hopping
t2 = 0.1, 0.5, and 1, respectively. We fix the inter-sublattice
hopping to t1 = 1 and assume the spin-orbit coupling α = 0.4.
terms in Eq. (17) does not occur. Therefore, a moderate
DMEC, Γzc ∼ 1, is obtained irrespective of the chemical
potential, as shown in Fig. 7. The DMEC is particularly
enhanced around the upper band edge, µ = 1.8, because
of the small Fermi velocity of the upper band around
the Γ point [kc = 0]. Note that the DMEC is inversely
proportional to the Fermi velocity, Γzc ∝ 1/vF. With
increasing t2/t1, the DMEC decreases around the up-
per band edge because of the cancellation of four Fermi
points in the E+-band.
-4 -2 0 2
 µ
0
1
2
3
4
 
Γ z
c
t2=0.1
t2=0.5
t2=1
Fig. 7. (Color online) DMEC at zero temperature for the intra-
sublattice hoppings t2 = 0.1, 0.5, and 1. The other parameters
are the same as those in Fig. 6.
Summarizing Sects. 4.1 and 4.2, a large magnetoelec-
tric effect occurs in both deep and shallow zigzag chains
when the cancellation of the two bands is suppressed
by the band structure. The DMEC is particularly large
in deep zigzag chains at low carrier densities. Thus,
the current-induced antiferromagnetic moment in zigzag
chains can be much larger than the current-induced mag-
netic moment in noncentrosymmetric metals.
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5. 3D Coupled Zigzag Chains
Now we turn to 3D coupled zigzag chains. Taking the
isotropic inter-zigzag-chain couplings into account, t3 =
t4, we clarify the effect of three-dimensionality on the
magnetoelectric effect. Figure 8 shows the DMEC as a
function of the chemical potential and inter-zigzag-chain
coupling.
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Fig. 8. (Color online) DMEC as a function of the chemical po-
tential µ and isotropic inter-zigzag-chain coupling t3 = t4, at a
low temperature T = 0.02. We assume (t1, t2) = (0.1, 1), (1, 0.1),
and (1, 1) in (a), (b), and (c), respectively.
In the case of deep zigzag chains, (t1, t2) = (1, 0.1), a
pronounced magnetoelectric effect occurs, as shown by
a large DMEC around the lower band edge in Fig. 8(a).
The mechanism of the enhancement of the DMEC has
been shown for 1D zigzag chain; the E+-band does not
cross the Fermi level when ε′(0) − |ε(0)| < µ < ε′(0) +
|ε(0)|. Furthermore, Fig. 8(a) shows an increase in the
DMEC with increasing 3D coupling, t3 = t4.
The three-dimensionality also enhances the magneto-
electric coupling of shallow zigzag chains. Figure 8(b)
shows an increase in the DMEC with increasing 3D
coupling, particularly around the upper band edge. Al-
though an enhancement of the magnetoelectric effect due
to 3D coupling appears in the intermediate case, t1 = t2,
we obtain a small DMEC, as shown in Fig. 8(c). These
results demonstrate that the three-dimensionality does
not disturb the magnetoelectric effect in coupled zigzag
chains.
Finally, we estimate the current-induced antiferromag-
netic moment of conducting electrons. For a quantitative
estimation, we denote the lattice constant along the a-
, b-, and c-axes, as a [cm], b [cm], and c [cm], respec-
tively. We consider the macroscopic current density j
[A/cm2], which leads to the current per zigzag chain,
Jc = jab [A/chain]. The induced moment is roughly es-
timated as MAFz ≈ ΓzcµBjabc/|e|vF per unit cell, where
vF [cm/s] is the typical Fermi velocity. For Γzc = 10,
a = b = c = 10−7 cm, and vF = 10
7 cm/s, an elec-
tric current density j = 1 [A/cm2] induces an antiferro-
magnetic momentMAFz ∼ 10
−8µB. Although the DMEC
of zigzag chains, Γzc ∼ 10, is much larger than that of
noncentrosymmetric metals, Γzc ∼ 10
−1,34) the current-
induced magnetic moment is still small. In the next sec-
tion, we show that the current-induced antiferromagnetic
moment is significantly enhanced in Kondo systems.
6. Kondo Systems
We have studied the antiferromagnetic spin polariza-
tion of conducting electrons induced by electric current.
Although the typical moment was small, the spin po-
larization is significantly enhanced in Kondo systems,
where conduction electrons are coupled with localized
spins via Kondo exchange coupling, as realized in vari-
ous d-electron and f-electron systems.
It is reasonably expected that the current-induced an-
tiferromagnetic spin polarization of conduction electrons
leads to a substantial polarization of localized spins. We
here consider temperatures above the Kondo tempera-
ture and ignore the screening of localized spins due to
the Kondo effect. Thus, we obtain the Landau free en-
ergy
F =
1
2χAFc
[(
MAFc
)2
− 2MAFc0 M
AF
c
]
+
JK
ggJµ2B
MAFc M
AF
f +
1
2χAFf
(
MAFf
)2
, (23)
where MAFc = gµB〈s
c
z〉 and M
AF
f = gJµB〈S
f
z〉 are the
antiferromagnetic moments of conduction electrons and
localized spins, respectively. We have taken into account
the Lande g-factor of localized spin, gJ. We denote the
current-induced antiferromagnetic moment calculated in
Sects. 3-5 as MAFc0 = −
gµB
2|e|DΓzcJc. The Kondo exchange
coupling JKs
c
i ·S
f
i is taken into account in the second term
of Eq. (23), and χAFc (χ
AF
f ) is the antiferromagnetic spin
susceptibility of conduction electrons (localized spins).
It is easy to minimize the Landau free energy for the
following antiferromagnetic moment
MAFc = βM
AF
c0 , (24)
MAFf = −βJK
χAFf
ggJµ2B
MAFc0 , (25)
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where
β =
[
1− J2Kχ
AF
c χ
AF
f /(ggJµ
2
B)
2
]−1
. (26)
In this way, the antiferromagnetic moment of localized
spins is induced by the magnetoelectric effect of conduc-
tion electrons through Kondo exchange coupling. A large
enhancement factor, η ≡ βJKχ
AF
f /ggJµ
2
B, is obtained at
low temperatures because of the large antiferromagnetic
spin susceptibility of localized spins. When we consider
nearly isolated ions with the spin J , the spin susceptibil-
ity is calculated as χAFf = g
2
Jµ
2
BJ(J + 1)/3T . By taking
the effect of the antiferromagnetic exchange coupling of
localized spins as well as the factor β into account, we
obtain the enhancement factor
η = βJK
χAFf
ggJµ2B
= J(J + 1)
gJ
g
JK
3(T − TN)
, (27)
where TN is the Ne´el temperature. Thus, a large antifer-
romagnetic polarization of localized spins is induced at
low temperatures and/or near the Ne´el temperature.
It is interesting to look for the magnetoelectric ef-
fect and inverse magnetoelectric effect in LnM2Al10
compounds, whose crystal structure is indeed 3D cou-
pled zigzag chains.35) Recent experimental studies of
a series of LnM2Al10 compounds have shown that the
antiferromagnetic order occurs in most of these com-
pounds.35–40) A variety of inter-zigzag-chain magnetic
structures appear depending on the Ln and M ions. How-
ever, the intra-zigzag-chain magnetic structure is uni-
versal; the magnetic moment is staggered in the zigzag
chains, as shown in Fig. 1. Therefore, it is indicated that
the antiferromagnetic correlation in zigzag chains en-
hances the magnetoelectric effect above the Ne´el temper-
ature. Then, the current-induced antiferromagnetic order
should occur; the electric current along the a- or c-axis
increases the Ne´el temperature, but that along the b-axis
does not.
The enhancement factor of the magnetoelectric effect,
η, is particularly large in LnM2Al10 compounds because
of their electric structure. First, the local violation of the
inversion symmetry allows for the intrasite hybridiza-
tion of conducting d-electrons and localized f-electrons
on Lanthanoid ions. This “parity mixing” of local or-
bitals gives rise to not only a large Rashba spin-orbit
coupling but also a large Kondo exchange coupling JK,
41)
and thus, enhances the magnetoelectric effect. Second,
localized f-electrons have a large spin for Ln=Nd, Gd,
Tb, Dy, Ho, or Er ions. Indeed, the magnetic proper-
ties of NdFe2Al10, NdRu2Al10, GdRu2Al10, TbRu2Al10,
DyFe2Al10, HoRu2Al10, and ErRu2Al10 have been exten-
sively studied.35–40) For instance, J = 9/2 for Nd3+ ions,
J = 6 for Tb3+ ions, and J = 8 for Ho3+ ions lead to a
large enhancement factor η. Third, for transition-metal
ions, e.g. M=Ru and Os, a large LS coupling of Ru4d
and Os5d electrons increases the staggered antisymmet-
ric spin-orbit coupling of conduction electrons,15) which
is the cause of the magnetoelectric effect.
As an example, we estimate the enhancement factor η
of NdRu2Al10. Because the crystal electric field of Nd
3+
ions is negligible,38) our result for the nearly isolated ions,
that is, Eq. (27), is justified. The g-factor of Nd3+ ions
is gJ = 8/11 and the Ne´el temperature is TN = 2.4 K.
38)
When we assume JK = 400 K and T = 2.5 K, the en-
hancement factor is estimated as η = 1.2 × 104. Thus,
we expect that a moderate antiferromagnetic moment,
MAFf ∼ 10
−4µB, is induced by the electric current den-
sity j = 1 [A/cm2]. Similar estimations show a larger
magnetic moment for Tb, Dy, and Er compounds. These
current-induced magnetic moments are not large, but the
experimental observation is feasible.
We have considered the high-temperature region above
the Kondo temperature. At low temperatures, localized
spins are screened by conduction electrons, and an itiner-
ant heavy-fermion state is formed. The magnetoelectric
effect in the noncentrosymmetric heavy-fermion state has
been investigated by Fujimoto20, 42, 43) on the basis of the
Fermi liquid theory. He showed that the magnetoelec-
tric effect is enhanced by the mass enhancement factor
m∗/m. His result is reproduced in our calculation by re-
placing the temperature T with the Kondo temperature
TK. In other words, the magnetoelectric effect is cut off
at low temperatures by the formation of heavy-fermion
states. Fortunately, this cutoff is avoided for localized
spins with a large spin J , because the Kondo tempera-
ture is exponentially small.44–46) Indeed, the Kondo ef-
fect is not observed even at low temperatures of T ∼ 1
K in Ln=Nd, Gd, Tb, Dy, Ho, and Er compounds. It is
desirable to study these compounds for the experimental
observation of the magnetoelectric effect in metals.
7. Summary and Discussion
In this paper, we investigated the magnetoelectric ef-
fect in locally noncentrosymmetric metals. The “anti-
ferromagnetic moment” in the unit cell is polarized by
electric current through a staggered antisymmetric spin-
orbit coupling, in analogy with the current-induced spin
polarization in noncentrosymmetric metals. Although
the cancellation of spin-split bands significantly sup-
presses the magnetoelectric effect of noncentrosymmetric
metals, this cancellation does not occur in locally noncen-
trosymmetric metals. We showed that such a situation is
realized in 3D coupled zigzag chains. Therefore, the mag-
netoelectric effect in 3D zigzag chains can be much larger
than that in noncentrosymmetric metals.
Although the induced antiferromagnetic moment of
3D coupled zigzag chains is still small, it is enhanced
by Kondo exchange coupling with localized spins. A
particularly large magnetoelectric effect will appear in
Kondo systems having a large local spin J , a large
Kondo exchange coupling JK, and a moderate antisym-
metric spin-orbit coupling of conduction electrons. We
proposed that LnM2Al10 compounds, such as NdRu2Al10
and TbRu2Al10, are candidate materials for the experi-
mental observation of the current-induced antiferromag-
netic order. We roughly estimated the current-induced
magnetic moment as MAFf ∼ 10
−4µB for an electric cur-
rent density j = 1 [A/cm2].
At low temperatures, the antiferromagnetic order oc-
curs in LnM2Al10 compounds in the equilibrium state.
The staggered magnetic moment universally appears in
zigzag chains, but various inter-zigzag-chain magnetic
structures have been observed depending on lanthanoid
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and transition-metal ions. It is expected that the electric
current not only increases the Ne´el temperature, but also
changes the magnetic structure. The uniform magnetic
state between the network of zigzag chains is favored.
These phenomena are induced by an effective staggered
magnetic field generated by the magnetoelectric effect.
Although it is difficult to externally apply a staggered
magnetic field to solids, spin-orbit coupling in locally
noncentrosymmetric metals changes the electric field to
a staggered magnetic field. It is desirable to experimen-
tally study these magnetoelectric effects as well as the
inverse magnetoelectric effect of locally noncentrosym-
metric metals, which have not been uncovered yet.
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Appendix: Absence of Spontaneous Electric
Current in Antiferromagnetic State
We here provide a proof for the absence of sponta-
neous electric current in the “antiferromagnetic state”.
Although the band structure is asymmetric as shown in
Fig. 2, the electric current vanishes in the equilibrium
state.
The electric current in the equilibrium state is calcu-
lated as
J = 〈Jˆ〉 = TrJˆe−βHˆ/Z, (A·1)
with the use of the current operator Jˆ and the Hamil-
tonian Hˆ. When the Hamiltonian is expressed in single-
particle form as in Eq. (4),
H =
∫
dkCˆ†
k
Hˆ(k)Cˆk, (A·2)
the electric current is obtained as
J =
∫
dkTrJˆ(k)e−βHˆ(k)/Zk, (A·3)
where
Jˆ(k) ≡
d
dk
Hˆ(k). (A·4)
Diagonalizing the Hamiltonian via the unitary transfor-
mation Hˆd(k) ≡ U †(k)Hˆ(k)U(k) = (Ei(k)δij), we ob-
tain
J =
∫
dk
n∑
l=1
Jdl (k)f [El(k)], (A·5)
with Jdl (k) being the l-th diagonal component of
Jˆ
d
(k) ≡ U †(k)Jˆ(k)U(k) and f(x) being the Fermi dis-
tribution function. Using the identity for the unitary ma-
trix
(
d
dk Uˆ
†(k)
)
Uˆ(k) + Uˆ †(k)
(
d
dk Uˆ(k)
)
= 0, Jˆ
d
(k) is
expressed as
Jˆ
d
(k) =
d
dk
Hˆd(k) +
[
U †(k)
d
dk
U(k), Hˆd(k)
]
. (A·6)
Because the second term in Eq. (A·6) is anti-Hermite,
the diagonal component is obtained as Jdl (k) =
d
dkEl(k).
Thus, we find that the spontaneous electric current van-
ishes:
Ji =
n∑
l=1
∫
dk
[
d
dki
El(k)
]
f [El(k)] (A·7)
=
n∑
l=1
∫
dk
d
dki
F [El(k)] (A·8)
=
n∑
l=1
∫
BZB
dkF [El(k)] (ai · n) = 0. (A·9)
The last equality is obtained using the periodicity of
El(k) = El(k + K) for the reciprocal lattice vector
K. The integral
∫
BZB dk is taken at the Brillouin zone
boundary, and n is a unit vector normal to the Brillouin
zone boundary. We denoted the i-th fundamental vector
ai; F (x) is an indefinite integral of f(x).
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